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A Kinetic Theory on Cationic Polymerization with Termination 
by Combination with a Negative Fragment 
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ABSTRACT: The cationic polymerization with instantaneous initiation and termination by combination 
with a negative fragment, which is the product formed during initiation reaction with some component of 
the polymerization system, has been studied by means of a non-steady-state method. The molecular weight 
distribution function and a series of important molecular parameters of the polymer generated from mono-, 
bi-, and multifunctional initiators are rigorously derived. The theoretical results obtained are applicable to 
any ionic polymerization with second-order termination. A procedure is described for calculating the molecular 
weight distribution curve and the values of the various molecular parameters directly from the polymerization 
conditions 

Introduction 
As we know, chain termination has an important effect 

upon the molecular weight  distribution and other molec- 
ular parameters of the polymer formed in a polymerization 
system. Important work on chain  te rmina t ion  has been  
done by Overberger, '  Pepper,2 P l e ~ c h , ~  and S ~ w a r c , ~  etc .  
Generally speaking, chain termination is second order with 
respect  t o  the propagat ing  cha ins  in free radical  polym- 
erization but first order with respect to the growing chains  
i n  ionic polymerization. The reason for t h i s  is that ini- 
t i a t ion  of ionic polymerization usually leads t o  ion pairs, 
and te rmina t ion  ar is ing f rom collapse of an ion pa i r  is a 
first-order reaction. Format ion  of the f r e e  ions is feasible 
only if the i r  combina t ion  i n t o  inact ive p r o d u c t  does not 
t a k e  place at every collision; otherwise the two oppositely 
charged  species have  n o  chance  to separate af te r  being 
formed.  The te rmina t ion  i n  sys tems involving free ions 
is, of course, a second-order r e a ~ t i o n . ~ ~ ~  There are, indeed, 
several cationic polymerization systems with te rmina t ion  
involving counter ions,  s u c h  as the polymerizat ion of the 

*To whom correspondence should be addressed. 
'Case Western Reserve University. 
*Shanghai Jiao Tong University. 

oxetane ini t ia ted b y  SnC14,G etc. It has also been reported 
that i n  a few sufficiently p u r e  cationic polymerization 
systems,  in which concentrat ions of water and other  te r -  
minating agents are  less than 10-7-10-10 mol/L, termination 
of a propagating cationic chain occurs by combination with 
a negative f ragment  Y-. Y- is formed dur ing  an ini t ia t ion 
r e a ~ t i o n . ~ - ' l  

kt ... M+ + Y- --+ ... M-Y 
For many ionic polymerization systems with termination 

and transfer ,  such as monomer  transfer,12-19 monomer  
termination,20-22 spontaneous  t e r m i n a t i ~ n , ~ ~ ~ ~ ~  impur i ty  
termination,25* impurity transfer,n spontaneous transfer,% 
etc., the influences of te rmina t ion  and t ransfer  on mo- 
lecular weight distributions of the resul tant  polymers have 
been theoretically s tud ied  b y  m e a n s  of non-steady-state  
analysis. For cationic polymerization sys tems wi th  ter- 
mina t ion  by combinat ion wi th  a negat ive f ragment ,  the 
concentration of which is equal  t o  that of the propagating 
species, CN,', i.e., Y- = CN,', the te rmina t ion  r a t e  
should  be 

(1) 
if o ther  te rmina t ions  a r e  a b ~ e n t . ~ > * . ~  S u c h  a case is q u i t e  

R, = k,(Y-)C:N,+ = h,(CN,+)2 
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different from the usual ionic polymerization in that ter- 
mination rate is second order in the growing chains. The 
second-order dependence is then the same as observed in 
free-radical chain p o l y m e r i z a t i ~ n . ~ ~ ~ ~ ~  In this paper, we 
tackle this problem and derive the expressions for the 
molecule weight distribution function and some important 
molecular parameters of the resultant polymer. 

For cationic polymerization, there have been a number 
of reports on polymerization systems initiated by bifunc- 
tional and multifunctional initiators or polymer chains 
possessing active g r o ~ p s ~ , ~ ~ - ~ ~  in addition to those initiated 
by monofunctional initiators. It is therefore also important 
to explore the cases of bifunctional and multifunctional 
cationic polymerizations with counteranion termination. 

Theory 
I. Case of Monofunctional Initiation. In the fol- 

lowing, I ,  M ,  Nn+,  and N,' represent the concentrations 
of the initiator, monomer, growing n-mer, and terminated 
n-mer, respectively, and k ,  and kt are the rate constants 
for chain propagation and for chain termination. In order 
to simplify the mathematical derivation, initiation is as- 
sumed to be instantaneous. For polymerization with in- 
stantaneous initiation and termination by combination 
with a negative fragment, the chemical equations may be 
written as 
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Further, by the above relationships, eq 2-4 can be easily 
transformed into a set of differential equations 

(11) 

(n  1 2 )  ( 1 2 )  

dN//dx = aN,+ (n  I 1 )  (13) 

which are identical with those of free radical polymeriza- 
tion with termination by disproporti~nation.~~ Thus, the 
molecular weight distribution functions for the growing 
and terminated chains are the same as those reported, i.e., 

m l + / d x  = -(a - Ke(a-1)X 

dNn+/dx = 
Ke(a-l)XNn-l+ - (a + Ke(a-l)X)Nn+ 

fast 
I + M - N , + +  Y- 

k, 

kC 

N+n-l + M - Nn+ 

Nn+ + Y- -+ N,' 

( n  I 2 )  

(n  L 1) 
The corresponding kinetic differential equations are as 
follows: 

( 2 )  

(3) 

dN,,'/dt = ktY-Nn+ ( n  1 1) (4) 

dM/dt = - k p C  Nn+ (5 )  

dNI+/dt = -k$4N1+ - k,Y-N1+ 

dN,+/dt = k$4(Nn-1+ - Nn+) - ktY-N,' (n  I 2 )  

m 

n = l  

d 5 N,+/dt = -k,Y- 5 N,+ ( 6 )  
n = l  n = l  

The initial conditions are 
N1+1,=o = Io Y-l,=o = Io Nn,2+lt=o = 0 

N,'lt=o = 0 MI,=o = Mo - Io 
where Io and Mo are respectively the initial concentrations 
of initiator and monomer added to the polymerization 
system. Introducing a parametric variable x, 

or 
m 

dx/dt = k, C Nn+ 
n = l  

(7 )  

and putting a = k,/k, ,  K = (Mo - Io) / Io ,  and Y- = 
C;=lNn+,  we get from eq 5 and 6 

(9) M = (Mo - ?o)e-x 

m 

Nn+ = IOe-(Ix 
n = l  

K 
a - 1  exp[ -ax + -(1 - (14) 

1 K 
exp[ -ax + -(I a - 1  - e(a-l)x) dx (15) 

and all the other molecular parameters, such as number- 
and weight-average degrees of polymerization and their 
ratio etc., have the identical expressions given in our 
previous papersB If monomer chain transfer occurs in the 
cationic polymerization treated here, the molecular weight 
distribution and other molecular parameters of the re- 
sulting polymer could be derived, which are the same as 
those given in the paper30 in which we studied the free 
radical polymerization with disproportionation termination 
and monomer chain transfer. All the formulas listed could 
be directly used without any change. Therefore, in this 
paper, we study mainly the polymerization systems ini- 
tiated by bifunctional and multifunctional initiators. 

11. Case of Bifunctional Initiation. Now, we shall 
carry out most of the relevant derivations in detail for the 
cationic polymerizations initiated by a bifunctional initi- 
ator, in which termination by combination with a negative 
fragment occurs. We adopt the following nomenclature 
for polymers with different functionalties: Nn2+, bifunc- 
tional n-mer, in which both sites are active; N,+, mono- 
functional n-mer, in which one of the propagating sites has 
been terminated; and N,,', n-mer with no propagating sites, 
i.e., both of the propagating sites have been terminated. 
The chemical equations are as follows: 

I + M - N2+ + 2Y- 
fast 

2% 

2kc 

k ,  

kt 

Nn-12+ + M - N:+ 

Nn2+ + Y- - N,' 

Nn-,+ + M - Nn+ 

Nn+ + Y- - N,' 

(n  I 3) 

( n  I 2 )  

(n  I 3) 

(n  2 2 )  

The kinetic differential equations derived from the above 
reaction scheme are 

dNz2+/dt = -2k$4Nz2+ - 2ktY-Nz2+ (16) 

dNn2+/dt = 
2k$(Nn-12+ - N,") - 2k,Y-Nn2+ 

dNz+/dt = -k,MN2+ + 2k,Y-NZ2+ - k,Y-Nz+ 

(n  1 3) (17) 

(18) 
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(37) dN2+/dx = 2aNZ2+ - (a + K2e(a-1)x)N22+ 

cW,+/dx = 
K2e(a-1)xNn-1+ + 2aN,2+ - (a + K2e(a-1)X)N,,+ (n L 3) 

(38) 

dN,'/dx = aNn+ (n 2 2) (39) 

The corresponding initial conditions become 

N22+IxFo = I o  
Nnt3 2+ Ix=o = Nn+Ix=o = N;\x=o = 0 

From eq 35 and 36, the molecular weight distribution 
function for the polymer with two propagating sites is 
derived. 

dNn+/dt = 
k,,M(N,-,+ - Nn+) + 2k,Y-Nn2+ - k,Y-Nn+ (n L 3) 

(19) 
dN,'/dt = k,Y-N,+ (n L 2) (20) 

dM/dt = -k,,M(2 5 N>+ + 2 Nn+? (21) 

where the concentration of the counteranion Y- is identical 
with the total concentration of the propagating sites, that 
is, 

n=2 n=2 

m m 

Y- = 2 Nn2+ + C Nn+ (22) 
n=2 n=2 

From eq 16 and 17, we obtain 

d 2 N>+/dt = -2k,Y- 5 N,2+ (23) 
n = 2  n = 2  

Similarly, from eq 4 and 5, we get, 
m m m 

d C N n + / d t  = 2k,Y-CNn2+ - k,Y-CNn+ (24) 
n=2 n=2 n = 2  

Putting 

or 
dx/dt = k,Y- 

Equations 21, 23, and 24 can be transformed as follows: 
dM/dx = -M (27) 

(28) 

(29) 

m m 

d C Nn2+/dx = -2a C Nn2+ 

d 2 Nn+/dx = 2a C N;+ - a EN,+ 

1 1 3 2  n=2 
m m 

n=2 n=2 n=2 

Solving eq 27-29 and setting the initial conditions 
m m 

MI,=, = Mo - 21, C Nn2+lX=o = Io 
n=2 n=2 

C Nn+lx=O = 0 

we get 
M = ( M ,  - 210)e-" (30) 

CN,2+ = Ioe-2ax (31) 

EN,,+ = 21,e-""(l - e-ax) (32) 

From eq 31 and 32, we obtain the expression for the con- 
centration of the negative fragments 

m 

n=2 
m 

n=2 

Y- = 210e-"" (33) 

M / Y -  = K2e(Q-l)x (34) 
Obviously, 

where, K 2  = (M,  - 210)/21p By means of the above results, 
it is easy to change eq 16-20 into a set of linear differential 
equations which can be solved: 

(35) 

( n  1 3) (36) 

dNZ2+/dx = -2K2e(a-1)xN22+ - 2aNZ2+ 

cWn2+/dx = 
2K2e(a-1)xNn-12+ - 2(a + Kze(a-1)x)N,,2+ 

(2 U)n-2 

(n - 2)! Nn2+ Io- exp(-2ax - 2U) (40) 

where 

Inserting eq 40 into eq 37 and 38, we obtain the molecular 
weight distribution function for the polymer with one 
propagating site and one terminated site. 

Furthermore, the molecular weight distribution function 
for the terminated polymer is deduced. 

N,' = 

Evidently, the molecular weight distribution functions for 
the total system is 

(44) 

The above molecular weight distribution functions for 
different kinds of polymer chains are derived in the case 
of a # 1 or k, # k,. If a = 1, the method of derivation 
of the molecular weight distribution functions is identical 
with that given in the previous  paper^.^^,^^ Since there is 
a limit, 

Nn = Nn2+ + Nn+ + N,' 

lim U = KZx (45) 
a--1 

substituting K,x for U in the above formulas yields the 
molecular weight distribution functions that are suitable 
for the case of a = 1. 

For eq 40 and 42, we find the first-order statistical 
moments of Nn2+ and Nn+: 

-- (a + + K2e(a-1)x --I (47) 
a - 1  a .- 1 a - 1  

The various statistical moments of the terminated 
polymers formed in the reaction system may easily be 
derived by the aid of the following equation: 
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X -  

cnsNn'  = a L  En",,+ dx s = 0,  1, 2 (48) 
n=2 n=2 

Consequently, we have 
m 

EN,' = Io(l - e-ax)2 (49)  
n=2 

From the above formulas, the moments of the total poly- 
mers formed in the reaction system are derived. 

C N ,  =I,, (51) 

C nN, = 210(1 + Kz - K2e-") (52) 

Equations 51 and 52 are in accord with the following 
constraint conditions: 

(53) 

(54) 

which demonstrate that the results obtained are correct. 
Though we could also derive the second-order statistical 
moments of Nn2+, Nn+, and N,,', we need only that of the 
total polymers. Equations 35-39 result in the following 
equation: 

dCn2Nn/dx  = 

n=2 
m 

n=2 

m 

C (Nn2+ + Nn+ + N i )  = Io 

C n(Nn2+ + Nn+ + N l )  = M ,  - M 

n=2 

m 

n=2 

m 

n=2 

K2e("-')"[25 (2n + 1)N,2+ + 2 (2n + l)Nn+] (55) 
n=2 n=2 

It  is easy to get 
m 

dCn2Nn/dx  = 210 
n=2 

(56) 
Hence, the number- and weight-average degrees of po- 
lymerization of the total polymers formed in the reaction 
system are respectively 

(57) Pn = 2[1  + K2(l  - e-x)] 

(58) 
The respective molecular fractions of polymer chains with 
two propagating sites, one propagating site, and no prop- 
agating site are as follows: 

(59) 

(60) 

(61) 

fn2' = e-2ax 

fn+ = 2e-"x(1 - e-ax) 

f,' = 1 - fn2+ - f n+  

Table I 
Several Molecular Parameters for a = 1 and a = 2 

cases params expressions 
a = 1 Pw [2 + &[(5 + 2&)(1 - e-X) + Kz[l + e-'(ebX - I - 

(1 + K2x)/[[l + Kz( l  - e-x)]e2x] 
[&(I + n) + 2(1 - e-X) - K 2 c X ( 1  + 2x)]/[[1 + 

n) l l l / [ l  + &(1 - e-')] 
fw2+ 

fw+ 

These equations represent the functionality distribution 
of the polymers generated. The average functionality is 

j= = 2e-aX ( 6 2 )  

The respective weight fractions of the above three kinds 
of polymer chains are 

(64) 

f ' = 1 - f,2+ - f,+ (65) 

When a = 1 or a = 2, the aforementioned statistical 
moments can no longer be used, since both the numerator 
and denominator in the formulas are equal to zero. 
Therefore, the expressions for Pw, fw2+,  fw+,  etc. need to be 
derived according to L'Hospital's rule.36 The results are 
listed in Table I. 

111. Case of Multifunctional Initiation. The cationic 
polymerization with termination by combination with a 
negative fragment has been treated for both monofunc- 
tional and bifunctional initiations. It is of interest to extent 
the aforementioned treatment to that initiated by a 
multifunctional initiator, and derive the expressions for 
some important molecular parameters. In the following 
derivation, we designate the functionality of initiator as 
f and the concentration of the species with r growing sites, 
i.e., f - r growing sites have been terminated, and n mo- 
nomer units as N$). Because the initiation is assumed to 
be accomplished instantaneously, the reaction scheme of 
the multifunctional cationic polymerization with termi- 
nation by combination with a negative fragment can be 
extracted from Figure 1. 

The set of kinetic equations corresponding to this re- 
action scheme is as follows: 

(66)  dNf')/dt = -fk&Nf(f' - fk,Y-NfV) 

dNn(f) /dt  = 
fk&(Nn-l(f) - N,')) - fktY-Nn(f) (n  1 f + 1 )  (67) 

dN;')/dt = -rkJbfNf(') + ( r  + l )k ,Y-NF1) - 
rk,Y-Nf") (0 5 r 5 f - 1) (68) 

dN,(')/dt = rkpM(Nn-l(r) - Nn(')) + ( r  + l)k,Y-N,('+l) - 
( n  2 f + 1, 0 5 r 5 f - 1) (69)  

C N n ( f ) / d t  = -fk,Y- C N n ( f )  (70) 

rk,Y-Nn(') 
m m 

n=f n=f 



582 Cai et al. Macromolecules, Vol. 21, No. 3, 1988 

n=f n=f n=f 
(0 I F I f -  1)  (71) 

(72)  

The initial conditions of these differential equations are 

f w  
dM/dt = -k#C r C Nn(r) 

r=l n=f 

Nf(f)l,_o = Io MI,=o = Mo - fIo N,(')lt=o = 0 
(0 I r If, r # f )  

It  is obvious that the polymerization system must undergo 
the following conservative condition: 

f w  
Y- = C r ENn(') (73)  

By the aid of eq 25 and the above derivation method, 

r=l n=f 

we can obtain the following results from eq 70-73: 

Y- = fIOeTax (74) 

M = (Mo - fIo)e-" (75) 

Then, eq 66-69 can be transformed into the following: 

dN,F)/dx = -f(a + K P ( " - ~ ) " ) N ~ ( ~ )  (76)  

dNn(f)/dx = 
~ K P ( ~ - ~ ) ~ N ~ - , ( ~ )  - f(a + K P ( ~ - ~ ) ~ ) N ~ ( ~ )  ( n  2 f + 1)  

(77) 

(0 5 r I f -  1) 
(78)  

dNy)/dx = 
-r(a + K ~ ( ~ - l ) ~ ) N f ( r )  + a(r + l)Nf(r+l) 

d N " ( r )  - rKP(a-l)XN ( r )  - r(a + KP(a-l)x)Nn(r) + -- n-1 dx 
a(r + l)Nn('+l) ( n  2 f + 1, 0 I r 5 f - 1) (79)  

where K f  = (Mo - fZo)/fI,,. The corresponding initial 
conditions are 

NfV)lx,, = Io Nn(r)I,=o = 0 (0 I r I f ,  n 2 f )  

From the theoretical point of view, a general expression 
for N,(r) could be derived by solving the above set of dif- 
ferential equations, but the derivation and the results 
would be rather complicated. Even so, we can still obtain 
some statistical moments of the polymer formed. 

Equations 78 and 7 9  result in 
m 

dCN,(')/dx = 
n=f 

m W 

a(r  + l )CNn(r+l)  - arCN,(') (0 I r I f - 1) (80) 

By means of eq 76, 77,  and 80, the following moment is 
deduced: 

n=f n=f 

m 

ENn(') = lo({)e-rax(l - e-0x)f-r (0 5 r If) (81) 
n=f  

From eq 59-62, we obtain 

d 2 nSNn/dx = K,e(a-l)x r nSNn-l(r+l) - 
m f -  

n=f r=O n=f+l 
m m  

(a  + K ~ ( O - ~ ) ~ )  r nSNn(') + 
a C ( r  + 1)Cn8Nn('+') 

r=O n=f 
f-1 m 

r=O n=f 
(s = 0,  1, 2)  (82)  

1 f a s t  

1 
fY 

I I e r ? i n a r l a n  w i t h  I' - , 'kP 

, ( I 1  kt i , L f b i  I 1 )  ' I)k (f-2 
f f - f -  - f  f 

I 
I ) k p  ( I  2)kp 

Y v 
11 k t  y ( o  

I 1 

1 I 

, 
YZil P f t  - hf-1 - - f.1 - f*l f )  f g t  hlf-ll (f-ljk f-21 

1 ki 
f-l)kp 

t 
f * >  f r r  

f-I lf-llkt h(f-2) - 1 )  k r  , 0 )  
f + ?  - f+2 - 
I 1 I 
1 1 i i 

I t t t 

I1 *f  ?b" - V "  
~ f l  f k t  , I f  1 )  1f-I)k t - 2 )  I * p  

Figure 1. Reaction scheme of multifunctional cationic polym- 
erization with termination by combination with a negative 
fragment which is either a solvated electron or the product of the 
displaced electron formed during initiation reaction with some 
component of the reaction system. 

The statistical moments of the total polymers formed in 
the reaction system may be derived from eq 82. They are 

CNn = IO (83) 

(84) 

m 

n=f 
m 

C n N ,  = flo[l + Kf( l  - e-')] 
n=f 

m 

Cn2Nn = 
n=f 

(85) 
Hence, the number- and weight-average degrees of po- 
lymerization of the total polymers are respectively 

Pn = f [ l  + Kf( l  - e-")] (86)  

(1 - e-')]],/[l + Kf( l  -e-')] (87) 

If a = 1 or a = 2, Pw should be calculated by the following 
formulas: 
P&=, = [f + K,[KfV - l)(e-2x - 1) - 2Kfxe-" + 

( 1  + 2f + 2fKf)(l - e-")]]/[l + K f ( l  - e-")] (88) 

2Kp + Kf(f - l)(e-2x - 1) + 

1 + 2f + 2Kf( f  - 1)  - a-l 2Kf ] x 

(1 - e-x)]] / [ l  + Kf(1 - e-x)] (89) 
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""c 

(1)  4 2 2 2 - 6  8 10 ' 
t ' 10-5 (set) 

Figure 2. Dependence of the functionality distribution of the 
polymer on polymerization time, instantaneous initiation, f = 2, 
and the product of I and k,, I&, = 5 X s-l; curves 1-3 

Normalization of eq 81 yields the functionality distribution 
function of the polymer formed, 

(90) 

from which the average functionality of the total polymer, 
p, generated in the reaction system is derived, 

correspond to f n 2 + ,  f ,  0 , and f,'. 

fn(d = (f)e-rax(l - e-ar)f-r 

p = fe-ox (91) 

Obviously, when f = 1 and f = 2, the results are in ac- 
cordance with the aforementioned ones. 

IV. Determination of the Parametric Variable x. 
I t  should be pointed out that the above formulas cannot 
be utilized practically, until the value of x is determined. 
The calculation of x can be made by means of the rela- 
tionship between x and the polymerization conditions. 
According to eq 84 and the constraint condition 

- f  
CnN,(') = Mo - M 

n=fr=0 

we can obtain 

1 - fIO/MO 
1 - Y  

x = In 

which makes it Dossible to calculate x: 

(93) 

from monomer 
conversion y. 0; the other hand, combination of eq 70 
and 71 yields 

d C r 5 N,c')/dt = -kt( C r C Nn(r))2 (94) 

Solving eq 94 and setting the corresponding initial con- 
dition 

f f -  

r=l n=f r = l  n=f 

f -  
C r C Nn(r)lt=o = fIo 
r = l  n=f 

result in 

f -  f I 0  

r = l  n=f 1 + fIok,t 
r Nn(r) = (95) 

Comparison of eq 74 and 95 yields the relationship between 
x and the reaction time 

x = (l /a) In (1 + fIok,t) (96) 

It  can be seen that eq 93 and 96 are also suitable for the 
calculation of x in the case of f  = 1 and f = 2. 

Results and Discussion 
Many sets of polymerization conditions were used for 

calculation in order to investigate the effects of reaction 
time;functionality of initiator, initial concentrations of 

t.10-' tsec) 

Figure 3. Dependence of the functionality distribution of the 
polymer on polymerization time, instantaneous initiation, f = 4, 
and the product of I and k,, I lo-' s-l; curves 1-5 correspond to fL4), fL3), fL2), f!), and f, &= , respectively. 

o o o k 2 A -  4 6 8 J o  
t. 10-3 tseo 

Figure. 4. Variation of average functionality of the total polymers 
with reaction time and instantaneous initiation, f = 2; curves 1-6 
correspond to the products of Io and k,, I&, = 
s-l, 5 x s-l, IO4 s-l, 2 x lo-' s-l, and 5 X IO4 s-l, respectively. 

monomer and initiator, and rate constants of propagation 
and termination on functionality distribution, average 
functionality, ratio of weight- to number-average degrees 
of polymerization, and molecular weight distribution of the 
polymer formed. 

Figures 2 and 3 demonstrate the dependence of the 
functionality distribution of the polymer formed on po- 
lymerization time in the case off = 2 and 4, respectively. 
Figure 4 shows the variation of average functionality of 
the total polymers with reaction time for bifunctional 
polymerizations with different products of termination rate 
constants and initial concentrations of initiator, Io& 

From eq 90, 91, and 96, we know that fn(r) and p are 
dependent on the ratio a = k, /k , ,  the functionality of 
initiator f, and parametric variable x ,  while x is related to 
a, f, t ,  and the product of kt and Io. For given values of 
a and f, if the product of k, and Io is kept constant, the 
curves p varying with reaction time t are the same; so are 
the curves of fn('). We could conclude that both increasing 
termination rate and increasing initial concentration of 
initiator have the same effect on f,") and p, though other 
molecular parameters may be quite different. 

For a case where k, = k, = 10 L/mol-s, Mo = 1.0 mol/L, 
and the product of initiator functionality and initial ini- 
tiator concentration fIo = 0.001 mol/L, we have calculated 
the ratio of weight- to number-average degrees of polym- 
erization for the polymer formed at different times. Figure 
5 shows the relationships pw/pn versus t. It  can be seen 
from the figure that the higher the functionality of the 
initiator is, the more homogeneous is the molecular weight 
distribution of the total polymers formed. 

For bifunctional polymerization, we can calculate nu- 
merical results for NF, Nn+, N d ,  and N ,  from eq 40 and 
42-44. For a case where Io = 0.01 mol/L, Mo = 2.0 mol/L, 
k, = 10.0 L/mol.s, and k, = 12.0 L/mol.s, we calculated 
the differential molecular weight distribution curves, as 

8, 2.5 x 
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about the variation of the molecular weight  distribution 
for d i f fe ren t  kinds of polymers  with reaction time. 

Finally, it should be noticed that the results obtained 
in this paper can also be used for the anionic polymeri- 
zation of ethylene initiated by a soluble dicyclo- 
pentadienyltitanium dichloride-dimethylaluminum chlo- 
ride complex in which the chain termination was reported 
to be second order in growing ends.37 
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Figure 5. Ratic of weight- t o  number-average degrees of po- 
lymerization Pn/Pw versus reaction time t ,  instantaneous initiation, 
k ,  = k,  = 10 L/mol-s, Mo = 1.0 mol/L, and the product of initiator 
functionality and initial concentration of initiator fZo = 0.001 
mol/L; curves 1, 2, 3, 4, 6 and 10 correspond to  f = 1, 2, 3, 4, 6, 
and 10, respectively. 
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Figure 6. Plot of the molecular weight distribution of the polymer 
generated in bifunctional cationic polymerization with termination 
by combination with a negative fragment which was formed during 
the initiation reaction with some component of the reaction 
system, instantaneous initiation, Io = 0.01 mol/L, Mo = 2.0 mol/L, 
k = 10 L/mol.s, k,  = 12 L/mol.s, and t = 18 s: ( - . e - )  W:+; (-e-) lk+; (-) w,; (-3 w,. 
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Figure 7. Plot of the molecular weight distribution of the polymer 
generated in bifunctional cationic polymerization with termination 
by combination with a negative fragment which was formed during 
the initiation reaction with some component of the reaction 
system, t = 148 s; other reaction conditions are the same as in 
Figure 6. 

shown in Figures 6 and 7, corresponding to the polymers 
formed at t = 18 s and t = 148 s, respectively. In the 
figures, W;+ = nN,2+/C,",2nNn, W,' = nN,'/C~,2nN,,, 
Wnm = nN,'/C:,2nN,, and W,  = Wn2+ + W,' + W,l. 
Comparison of these two figures gives us a general  idea 


